Unit 11
O More on Circles - Equations, Arc Lengths and Area Problems

Lesson 1: Writing the Equation of a Circle
Opening Exercise

a. Find the length of the line segment shown on the coordinate plane below.
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b. Using the distance formula, find the distance between the points (9,15) and (3,7).
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Example 1
e

If we graph all of the points whose distance from the origin is equal to 5, what shape will be
formed?

Using the given coordinate plane, plot 4 points that are 5 units away from the origin.

Now, we need to find 4 more.

Write down any ideas that you
might have to find the location of
the next point that is also 5 units
from the origin.

(34)

(-34)
(=4
(31'4)

Compare your plan with a partner. Once you agree on a plan, plot three more points using
this method. Using your compass, connect these points to form a circle.

In the above circle, the center is located at CO. 0) and the radius length is 5

We found the location of a point on the circle by using
¢ 24 ) T
EM% Ji""a“‘" ,which states __ & 1"? =0

If we generalize this formula by using a point named (x,y), the point will satisfy the

equation x>+ y? =57 when the circle has a center at the origin.
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Example 2

Now, let’s look at a circle that is not centered at the origin.
[

This circle is centered at (2,3) and has a e TN
radius length of 5 units. )4 \
/ A\
Is this circle congruent to the circle we 7 : Y
constructed? f / . \
W R
/
Is there a sequence of basic rigid motions \ _ /
that would take this circle center to the \ /
origin? Explain. B \\ S P i e
—— \. L
ry
l '2| -3 it /”/

The equation for this circle can be found using this same pattern to move the center of the
circle back to the origin.

The equation of this circle is: ( VA -},\7‘ v ( 3_3)1—_ 51
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Standard Form of the Equation of a Circle P

2 2 .2
(X - a) +(y - b) =r with center (a,b) and radius length r
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Example 3
Write the equation of the circie that is graphed below.
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Example 4

Find the radius and center of the circle given by the equation:(x+12)" +(y—4)" =81 be 4
é/ oflpos
C(~2, ) Vel 1 4,

r=J& =9

Example 5

Write an equation for the circle whose center is at (9,0} and has radius 7. O

(x-a)"+y-o5 =T 4
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Lesson 2: Writing the Equation of a Circle Il
Opening Exercise

Two points in the plane, A(-3,8) and B{17,8), represent the endpoints of the diameter ofa

circle.

a. What is the center of the circle? Explain.
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b. What is the radius of the circle? Explain. N
v‘aRﬁ;\ i '/ d\ﬁsw&"”"
A~ \j (437 (g6)"
d: ydoo = 20
r= (o

c. Write the equation of the circle.

(x 2V x (y-9) =107
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Example 1

Write the equation of a circle with center (3,10) that passes through (12,12)?
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Example 2

A circle with center (2,-5) is tangent to the x-axis.

) - T
a. What is the radius of the circle? = Yo~ b A 5’

b. What is the equation of the circle? (k-2\1+ ( ?, +S \1"-_51
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Example 3

Given a circle centered at the origin that goes through point (0, 2), determine whether or not
this circle would go through the point (l, \/5).
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Example 4

Determine the center and radius of each circle:

0. (x+4) +(y-6)' =50 (&)
v VSb

e 4(x-2)+4(y-9) -64=0
Y{x-2\ k 4y -a)" =64
=T

(>Y+ (yA) = 1



Homework
'

1. Determine the center and radius of the circle 2(x+ 1)2 + 2( y-i-Z)2 =10.

2. Write the equation of a circle that has a center of (-4, -3) and is tangent to the y-axis.

3: A circle has a diameter with endpoints at (3,—2) and (3, 6). Write the equation for
this circle.



Lesson 3: Recognizing Equations of Circles
Opening Exercise

Complete the following table:

Polynomial Factored Form
xr+2x+1 (x+1)*
Ctdx+d (xvz\"
.\72 -6x+9 ( X ..)\1
X 6 41 (x+4)
\‘1.-_ \\-ix 4-"{" (x_7)2
L
x*=20x+100 (X~1e)
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O Equation of a Circle

Standard Form General Form-
(x—a)’+(y-b)*=r X+ +Dx+Ey+F=0

Example 1
Find the center and the radius of the following:
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Example 2

Find the center and the radius of the following: x*+4x+ y*~12 y 41
Use CUW\([L‘"IM‘\"BA— Cﬁwm. — )k+‘-hc + 4 +g’fg?’+. 36 =4+ Y 4_3¢
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Example 3

Could the circle with the equation x*—6x+ y* —7=0 have a radius of 47 Why or why not?

Example 4

Identify the graphs of the following equations as a circle, point, or an empty set.

©

a. X'+ y* +4x=0 b. X+ y +6x—4y+15= 0
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When 7° is ... The figure is ...
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Exercises

® .

The graph of the equation below is a circle. Identify the center and radius of the

circle. —
x*+10x+y* -8y -8=0 < it
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| eCsp) r=7
. Identify the graphs of the following equations as a circle, point, or an empty set.
a. X2 +2x+yt=-1
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Example 5

Chante claims that two circles given by (x+2)" +(y-4)* =49 and (x-3)z+(y+8)2 =36 are
\___N

externally tangent. She is right. Show that she is.
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Homework

1. Identify the center and radius of the following circles.

a. (x-25)+y*=1

b. x*+2x+y’—-8y=8

& x2=20x+y*-10y+25=0

d. X*+y*=19

2. Sketch a graph of the equation x>+ y  +14x-16y+104=0.
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Lesson 4: Arc Length and Areas of Sectors

O

Opening Exercise

A a8
a. How many degrees make up a full rotation of a circle? %{o°
b. How many degrees are in the measure of AB? \fv'
c. What is the measure of ZACB? \§o”
d. What kind of angle is ZACB? G{Yp""w/

e. Find the exact value of the circumference of the circle. C=2av =10 m

£ What is the exact measure of the length of AB? !i ({OT"\ - Ei
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Definition Diagram

Arc Length " {:)—'
e the circular distance around the arc

- net "Ma;um‘ I da,vzo

Example 1

Find the exact length of the arc of degree measure 60° in
a circle of radius 10 cm.

e ar lenath is Vom“ of the civeumbie— eo
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Example 2
A

The radius of the pictured circle is 36 cm, and mZABC =60°.
What is the exact arc length of AC?

_ M y B
L_%n’d /..————-
- 201z
'59077_{ ) B
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Example 3

a. Find the length of arc BC.

L= L ()

- %1- G

_ L2
aw‘(

:.1.111, C

b. Using the same concept we used to find arc length, how can we find the area of the

shaded region?
A - B_ T V'L/ A - 'Z F >0
~ 340 20

- 302y
200 [j
- {_Zﬁ :l‘{b( - IZTT
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Formula for Area of a Sector

Y (o
A=gpTr

Example 4

Circle O has a minor arc :fB with an angle measure of 60°. Sector AOB has an area of 24w .

What is the length of the radius of circle 07
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Exercises

O

L. The area of sector AOB in the following diagram is 28% and the radius is 12 ¢cm. Find
the measure of ZAOB.

A= M‘l’r

29751-(gf . B

%wyflﬁ = 'ﬂ‘i“]

(0080 = I44n

T (1
" =70

o

2. In the following figure, circle O has a radius of 8 cm, mZAOC =108°, and
AB=AC=10cm. Find:

a.  meoAB  Ahocx APog (55
BAz A (2 ket 7 Zan

S mehob u j0s°
Adob s 1.

i 4
P

i 0¥ =72 T2 =S
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c. Area of sector BOC.

‘q.. LA
A- L‘M T’(‘a)

K= a),qzq'ﬂm
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Homework
r."‘\j

P
L. a. Find the exact value of the arc length of POR. Q
PR
b. Find the exact area of sector POR.
2. Using the picture of circle O shown, determine the following to the nearest tenth:
P

a. arc length of FQ

b. area of sector POQ

20
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Lesson 5: Unknown Length and Area Problems
Opening Exercise

L. Find the exact area of the shaded region.

AM - A‘b,am - ﬁfwuo

W
= r('(ol)l-' TT(”-qL

- @l — §b.28T

=] 24,7§1rz

Find the area of the shaded region to the nearest tenth.

Asbu& - ﬂ?a*n- ’AA
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Example 1
Another way to measure angles:

Draw circle A of any size.

Draw in radius AB.

Measure the radius using the string provided to you.

Using your string as a measuring tool, measure and mark the number of strings
needed to go around the circle once.

il e

Approximately how many strings did it take to make it all the way around the circle? Was this
the same for everyone in the class? G . r

What is the relationship between the circumference and radius?

C=2ity

What does this really mean?

The central angle that intercepts two consecutive string markings
on your arc is equal to 1 radian.

22
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Definition Diagram
Radian
4
¢ the measure of a central angle when the arc it subtends ‘,’ r
is equal in length to the radius f { r:ldmn‘
5\ J
\s._ - ‘

In Example 1, we saw that it takes 2 7 radii to go all the way around any circle. (C=27r)

Therefore, 2 radians = 360°.

How can we determine the number of degrees there are in 1 radian?

AT = 30

Formulas (on Reference Sheet!)

Radians Degrees

I radian = EO-degrees [ degree = LO radians
3

LR

——
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Example 2

Circle B has a radius of 10 cm. and the measure of central angle B is 1.5 radians. Find the length
of the intercepted arc.

S: (O(l.\f)

24



O

Lesson 6: Unknown Length and Area Problems
Opening Exercise

Circle B has a radius of 14 cm. Angle B intercepts the arc with a length of 6. Find the
measure of angie B in radians.

<S=rB

(Qg':ltj(?
b=t
037
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Exercises PN

1. Given circle A, find to the nearest hundredth:

a. mBC in degrees.
S=vE g_ 150 _
G=150 Is' T e

b. the area of sector BAC.

)

L

2. Find the area of the shaded region to the nearest hundredth if the m£BAC =62°.

D‘s'ul.b‘: Ahqfuf*— - A‘;.N.(.(%

. -—r(\' 22l

= 1€, 1494574 B

6.5 em
A
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3 Find the area of the shaded region to the nearest hundredth.

O A :A ’A’A

= 2€,730091€ 3

)

O 4. Find the area of the entire circle given the area of the sector.
Dot
A - Yo Aseetor = 100i02
2
po = 1 1cr
! 2R =

‘\an a(: ar‘cu

55 v
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